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Abstract The new formulas are obtained for complete orthonormal sets of expo-
nential type vector orbitals of a particle with spin 1 in coordinate, momentum and
four-dimensional spaces using the properties of spherical vectors and complete ortho-
normal scalar basis sets of ψα-exponential type orbitals (ψα-ETO), φα-momentum
space orbitals (φα-MSO) and zα-hyperspherical harmonics (zα-HSH) introduced by
the author for particles with spin s = 0, where α = 1, 0,−1,−2, . . . These vector
orbitals are complete without the inclusion of the continuum and, therefore, their group
of transformation is the four-dimensional rotation group of O(4). For overlap integrals
over vector Slater orbitals with the same screening constant the analytical relations in
coordinate space are also derived. It should be noted that the new idea presented in
this study is the combination of spherical vectors with complete orthonormal scalar
sets for radial parts of ψα-, φα-, zα-orbitals.

Keywords Spherical vector · Exponential type vector orbitals · Overlap integral

1 Introduction

It is well known that the Schrödinger’s hydrogen-like orbitals and their extensions to
momentum and four-dimensional spaces by Fock [1,2] are awkward to use as basis
because they are not complete unless the continuum is included. Hylleraas, Shull and
Löwdin in Refs. [3–6] introduced the so-called Lambda and Coulomb Sturmian func-
tions which are complete and orthonormal basis sets for the particles with spin s = 0
in coordinate space. These functions later were used extensively by Filter, Steinborn
[7] and Weniger [8]. The method for constructing relativistic Coulomb Sturmian basis
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set has been developed and discussed by Avery and Antonsen [9]. Recently, in Refs.
[10–12] we suggested in coordinate, momentum and four-dimensional spaces the
scalar basis sets ofψα-ETO, φα-MSO and zα-HSH for particles with spin s = 0 which
are complete without the inclusion of the continuum, where α = 1, 0,−1,−2, . . .. In
the present work, we obtain a large number of new different complete and orthonormal
sets for vector wave functions, and vector Slater orbitals in coordinate, momentum
and four-dimensional spaces using complete orthonormal scalar basis sets ofψα-ETO,
φα-MSO and zα-HSH functions. It should be noted that the Lambda and Coulomb
Sturmian functions introduced by Hylleraas, Shull and Löwdin are the special classes
of ψα-ETO for α = 0 and α = 1, respectively (see Ref. [10]).

2 Spherical vectors and vector wave functions

For the derivation of relations for complete orthonormal sets of vector wave functions
of a particle with spin s = 1 in coordinate, momentum and four-dimensional spaces
we use the following eigenvalue equations of spherical vectors (see Sect. 7.3. of Ref.
[13]):

ĵ2Y l
jm j
(θ, ϕ) = j ( j + 1)Y l

jm j
(θ, ϕ) (1)

ĵzY l
jm j
(θ, ϕ) = m j Y

l
jm j
(θ, ϕ) (2)

l̂2Y l
jm j
(θ, ϕ) = l(l + 1)Y l

jm j
(θ, ϕ) (3)

ŝ2Y l
jm j
(θ, ϕ) = 2Y l

jm j
(θ, ϕ), (4)

Here, l̂-orbital angular momentum operator, ŝ-spin operator for s = 1, ĵ = l̂ + ŝ-total
angular momentum operator. The spherical vectors Y l

jm j
(θ, ϕ) are expressed through

the products of scalar spherical harmonics Ylml (θ, ϕ) and basis spin functions u1ms ,
i.e.,

Y l
jm j
(θ, ϕ) =

∑

ml ,ms

(l1mlms
∣∣l1 jm j )Ylml (θ, ϕ)u1ms , (5)

where (l1mlms
∣∣l1 jm j ) are the Clebsch–Gordan coefficients, ml = m j −ms and (see

Sect. 6.1. of Ref. [13]):

u11 =
⎛

⎝
1
0
0

⎞

⎠ , u10 =
⎛

⎝
0
1
0

⎞

⎠ , u1−1 =
⎛

⎝
0
0
1

⎞

⎠ . (6)

The complete sets of scalar spherical harmonics, basis spin functions and spherical
vectors satisfy the following orthonormality relations:

π∫

0

2π∫

0

Y ∗
lml
(θ, ϕ)Yl ′m′

l
(θ, ϕ)Sinθdθdϕ = δll ′δml m′

l
(7)

123



J Math Chem (2008) 44:197–205 199

u+
1ms

u1m′
s
= δms m′

s
(8)

π∫

0

2π∫

0

Y l+
jm j
(θ, ϕ)Y l ′

j ′m′
j
(θ, ϕ)Sinθdθdϕ = δ j j ′δm j m′

j
δll ′ . (9)

We notice that the spherical vectors are not eigenfunctions of the operators l̂z and
ŝz , i.e., the quantum numbers ml and ms cannot be used to characterize them. This is
important in derivation of relations for the complete orthonormal sets of vector wave
functions in coordinate, momentum and four-dimensional spaces.

Taking into account Eq. (6) for the basis spin functions u1ms in (5) we can express the
spherical vectors Y l

jm j
(θ, ϕ) only through the scalar spherical harmonics Ylml (θ, ϕ),

i.e.,

Y l
jm j
(θ, ϕ) =

⎛

⎜⎝
al

jm j
(0)Ylml (0)(θ, ϕ)

al
jm j
(1)Ylml (1)(θ, ϕ)

al
jm j
(2)Ylml (2)(θ, ϕ)

⎞

⎟⎠ , (10)

where ml(λ) = m j − 1 + λ, 0 ≤ λ ≤ 2 and

al
jm j
(λ) = (l1ml1 − λ

∣∣l1 jm j ). (11)

Now we move on to the derivation of vector wave functions. For this purpose we
introduce the following complete and orthonormal sets of functions:

ψnlml (�r) = Rnl(r)Ylml (θ, ϕ) (12)

These functions are complete and orthonormal with respect to an integration over the
whole 3-dimensional space �3 in a suitable Hilbert space of functions F(�r) by form-
ing products of the (surface) spherical harmonics Ylml (θ, ϕ), which are complete and
orthonormal with respect to an integration over the surface of the unit sphere in �3,
and the radial functions Rnl(r), which are complete and orthonormal with respect to
an integration over the positive semiaxis 0 ≤ r < ∞ in a suitable Hilbert space of
radial functions f (r).

It is obviously possible to expand a function F(�r) belonging to a suitable
Hilbert space in terms of the complete and orthonormal functions ψnlml (�r) which
are determined by Eq. (12):

F(�r) =
∑

nlml

Cnlmlψnlml (�r) (13)

Cnlml =
∫
ψ∗

nlml
(�r)F(�r)d3�r . (14)

As long as the ψnlml are complete and orthonormal set of functions, the convergence
of expansion (13) is guaranteed. Thus, the functions ψnlml constructed by the product
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of complete and orthonormal functions Rnl(r) and Ylml (θ, ϕ) also are the complete
orthonormal functions in a suitable space of the radial functions and the (surface)
spherical harmonics.

In this way, one can construct the vector wave functions. For this purpose, we multi-
ply the scalar components of the spherical vectors by the complete orthonormal radial
functions Rnl(r). Then, we obtain the following complete orthonormal set of vector
wave functions:

ψ l
n jm j

(�r) = Rnl(r)Y
l
jm j
(θ, ϕ) =

⎛

⎜⎝
al

jm j
(0)ψnlml(0) (r, θ, ϕ)

al
jm j
(1)ψnlml(1) (r, θ, ϕ)

al
jm j
(2)ψnlml(2) (r, θ, ϕ)

⎞

⎟⎠ . (15)

The vector wave functions also satisfy the orthonormality relation, i.e.,:

∫
ψ l+

njm j
(�r)ψ l ′

n′ j ′m′
j
(�r)d3r = δnn′δ j j ′δm j m′

j
δll ′ . (16)

3 Complete orthonormal sets of exponential type vector orbitals

For the derivation of relations for the complete orthonormal sets of vector orbitals in
coordinate, momentum and four-dimensional spaces we use the properties of spher-
ical vectors (see Sect. 7.3. of Ref. [13]) and scalar basis sets of ψα-ETO, φα-MSO,
zα-HSH functions presented in [10–12]. Then, we obtain the following results: for
vector 	α-ETO (	α-VETO) in coordinate space

	αl
n jm j

(ζ, �r) =
⎛

⎜⎝
al

jm j
(0)ψαnlml (0)

(ζ, �r)
al

jm j
(1)ψαnlml (1)

(ζ, �r)
al

jm j
(2)ψαnlml (2)

(ζ, �r)

⎞

⎟⎠ (17a)

	̄αl
n jm j

(ζ, �r) =
⎛

⎜⎝
al

jm j
(0)ψ̄αl

nlml (0)
(ζ, �r)

al
jm j
(1)ψ̄αl

nlml (1)
(ζ, �r)

al
jm j
(2)ψ̄αl

nlml (2)
(ζ, �r)

⎞

⎟⎠ , (17b)

for vector �α-MSO (�α-VMSO) in momentum space

�αl
n jm j

(ζ, �k) =
⎛

⎜⎝
al

jm j
(0)φαnlml (0)

(ζ, �k)
al

jm j
(1)φαnlml (1)

(ζ, �k)
al

jm j
(2)φαnlml (2)

(ζ, �k)

⎞

⎟⎠ (18a)
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�̄αl
n jm j

(ζ, �k) =
⎛

⎜⎝
al

jm j
(0)φ̄αnlml (0)

(ζ, �k)
al

jm j
(1)φ̄αnlml (1)

(ζ, �k)
al

jm j
(2)φ̄αnlml (2)

(ζ, �k)

⎞

⎟⎠ , (18b)

for vector Zα-HSH (Zα-VHSH) in four-dimensional space

Zαl
n jm j

(ζ, βθϕ) =
⎛

⎜⎝
al

jm j
(0)zαnlml (0)

(ζ, βθϕ)

al
jm j
(1)zαnlml (1)

(ζ, βθϕ)

al
jm j
(2)zαnlml (2)

(ζ, βθϕ)

⎞

⎟⎠ (19a)

Z̄αl
n jm j

(ζ, βθϕ) =
⎛

⎜⎝
al

jm j
(0)z̄αnlml (0)

(ζ, βθϕ)

al
jm j
(1)z̄αnlml (1)

(ζ, βθϕ)

al
jm j
(2)z̄αnlml (2)

(ζ, βθϕ)

⎞

⎟⎠ . (19b)

Here, the coefficients al
jm j
(λ) are determined by Eq. (11) and n ≥ 1, 1 ≤ j ≤ n,

− j ≤ m j ≤ j, j − 1 ≤ l ≤ min( j + 1, n − 1).
The functions ψαnlml

, ψ̄αnlml
, φαnlml

, φ̄αnlml
, zαnlml

and z̄αnlml
occurring on the right-

hand side of Eqs. (17a)–(19b) are the complete orthonormal sets of orbitals for particles
with spin s = 0 in coordinate, momentum and four-dimensional spaces.

The vector wave functions 	α,�α and Zα are orthonormal with respect to the
	̄α, �̄α and Z̄α , respectively, i.e.,

∫
	̄αl+

njm j
(ζ, �r)	αl ′

n′ j ′m′
j
(ζ, �r)d3�r = δnn′δ j j ′δm j m′

j
δll ′ (20)

∫
�̄αl+

njm j
(ζ, �k)�αl ′

n′ j ′m′
j
(ζ, �k)d3�k = δnn′δ j j ′δm j m′

j
δll ′ (21)

∫
Z̄αl+

njm j
(ζ, βθϕ)Zαl ′

n′ j ′m′
j
(ζ, βθϕ)d(ζ, βθϕ) = δnn′δ j j ′δm j m′

j
δll ′ . (22)

4 Vector slater orbitals

Carrying through the calculations for vector slater orbitals analogous to those for the
vector wave functions, we obtain the following relations through the scalar Slater orbi-
tals:
for vector X-STO (X-VSTO) in coordinate space

Xl
n jm j

(ζ, �r) =
⎛

⎜⎝
al

jm j
(0)χnlml (0)(ζ, �r)

al
jm j
(1)χnlml (1)(ζ, �r)

al
jm j
(2)χnlml (2)(ζ, �r)

⎞

⎟⎠ , (23)
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for vector U-MSO (U-VMSO) in momentum space

Ul
njm j

(ζ, �k) =
⎛

⎜⎝
al

jm j
(0)unlml (0)(ζ,

�k)
al

jm j
(1)unlml (1)(ζ,

�k)
al

jm j
(2)unlml (2)(ζ,

�k)

⎞

⎟⎠ , (24)

for vector V-HSH (V-VHSH) in four-dimensional space

V l
njm j

(ζ, βθϕ) =
⎛

⎜⎝
al

jm j
(0)vnlml (0)(ζ, βθϕ)

al
jm j
(1)vnlml (1)(ζ, βθϕ)

al
jm j
(2)vnlml (2)(ζ, βθϕ)

⎞

⎟⎠ , (25)

See Ref. [12] for the exact definition of Slater orbitals χnlml , unlml and νnlml in coor-
dinate, momentum and four-dimensional spaces occurring on the right-hide side of
Eqs. (23)–(25).

The vector Slater orbitals determined by relations (23), (24) and (25) are orthogonal
with respect to the quantum numbers j, m j and l, i.e.,

∫
Xl+

njm j
(ζ, �r)Xl ′

n′ j ′m′
j
(ζ, �r)d3�r = (n + n′)!

[(2n)!(2n′)!]1/2 δ j j ′δm j m′
j
δll ′ (26)

∫
Ul+

njm j
(ζ, �k)Ul ′

n′ j ′m′
j
(ζ, �k)d3�k = (n + n′)!

[(2n)!(2n′)!]1/2 δ j j ′δm j m′
j
δll ′ (27)

∫
V l+

njm j
(ζ, βθϕ)V l ′

n′ j ′m′
j
(ζ, βθϕ)d(ζ, βθϕ) = (n + n′)

[(2n)!(2n′)!]1/2 δ j j ′δm j m′
j
δll ′ .

(28)

5 Evaluation of overlap integrals over vector STO in coordinate space

As an example of application, we evaluate the two-center overlap integrals over vector
Slater orbitals with the same screening parameters in coordinate space defined by

Sl,l ′
njm j ,n′ j ′m′

j
( �G) =

∫
Xl+

njm j
(ζ, �r)Xl ′

n′ j ′m′
j
(ζ, �r − �R)d3�r , (29)

where �r = �ra, �r − �R = �rb, �R = �Rab and �G = 2ζ �R.
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Now we take into account Eq. (23) in (29). Then, we obtain for integrals (29) the
following relation in terms of overlap integrals over χ -STO:

Sll ′
njm j ,n′ j ′m′

j
( �G) = all ′

jm j j ′m′
j
(0)snlml (0),n′l ′m′

l (0)
( �G)+ all ′

jm j j ′m′
j
(1)snlml (1),n′l ′m′

l (1)
( �G)

+ all ′
jm j j ′m′

j
(2)snlml (2),n′l ′m′

l (2)
, (30)

where all ′
jm j j ′m′

j
(λ) = al

jm j
(λ)al ′

j ′m′
j
(λ) and

snlml ,n′l ′m′
l
( �G) =

∫
χ∗

nlml
(ζ, �r)χn′l ′m′

l
(ζ, �r − �R)d3�r . (31)

In order to evaluate the overlap integrals over scalar STO, Eq. (31), we use the follow-
ing expressions for STO in terms of complete orthonormal sets of ψα- and ψ̄α-ETOs:

χnlml (ζ, �r) =
n∑

µ=l+1

ω̄αl
nµψ

α
µlml

(ζ, �r) (32a)

= {[2(n + α)]!/(2n)!}1/2
n+α∑

µ=l+1

[ω̄αl
n+αµ/(2µ)α]ψ̄αµlml

(ζ, �r),

(32b)

See Ref. [10] for the exact definition of coefficients ω̄αl . Then, we obtain:

snlml ,n′l ′m′
l
( �G) = {[2(n + α)]!/(2n)!}1/2

n+α∑

µ=l+1

n′∑

µ′=l ′+1

[ω̄αl
n+αµ/(2µ)α]ω̄αl ′

n′µ′

× sα
µlml ,µ

′l ′m′
l
( �G), (33)

where α = 1, 0,−1,−2, . . . and

sαµlml ,µ
′l ′m′( �G) =

∫
ψ̄α

∗
µlml

(ζ, �r)ψα
µ′l ′m′

l
(ζ, �r − �R)d3�r . (34)

The analytical relations for the determination of integral (34) are available in Ref.
[12].

The values overlap integrals over vector Slater orbitals with the same screening
parameters obtained from the different complete sets of ψα-ETO (α = 1, 0,−1)
using Mathematica 5.0 international mathematical software are presented in Table 1.
As can be seen from the table that the presented in this work approach for a particle
with spin 1 guarantees a highly accurate calculation of the X-VSTO overlap integrals.

It should be noted that the overlap integrals over vector STO with the same screening
parameters play a significant role in the calculation of arbitrary multicenter integrals
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arising in coordinate, momentum and four-dimensional spaces. Thus, in the evaluation
of multicenter integrals over vector orbitals for a particle with spin 1 the relations for
the two-center overlap integrals over ψα-ETO, φα-MSO, zα-HSH and χ -STO also
can be used. For this purpose, one has to use the expansion and one-range addition
theorems for scalar basis sets of ψα-ETO, φα-MSO, zα-HSH and χ -STO presented
in our previous papers.
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